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Abstract

The propagation of vector waves in a semi-infinite layer
with a constant depth is addressed by extending the SBFEM.
The extra coefficient matrix [El] appears in the SBFE
equation. The doubly asymptotic continued fraction
solution is derived to include the contribution of such a
matrix. The factor matrices are introduced to the solution to
improve the numerical stability of the solution. The
coefficients of the solution are determined recursively by
satisfying the SBFE equation in dynamic stiffness at both
high- and low-frequency limits. By introducing auxiliary
variables and using the doubly asymptotic continued
fraction solution, the force — displacement relationship on
the boundary is formulated as a high-order doubly
asymptotic open boundary condition in the frequency
domain, and a system of first-order ordinary differential
equations in the time domain to which standard time-
stepping schemes can be directly applied. No parameters
other than the continued-fraction orders are selected by
the user to increase the accuracy.
Keywords: wave propagation, open boundary condition,

semi-infinite layer, SBFEM

1. Introduction

It is necessary to introduce an artificial boundary to the
boundary of the computational domain whenever an
unbounded domain is modeled for a wave propagation
problem. The boundary condition enforced on such a
boundary is aimed at absorbing propagating waves to
prevent fictitious reflections at the boundary which often
pollute the solution. Today there are several absorbing
boundary conditions (ABCs) which can be classified into two
groups. The ABCs in the first group are global and obtained
from employing rigorous methods. In contrast, the ABCs in
the second group are local and obtained from employing
approximate methods. The global ABCs usually provide high
accuracy and robustness, but are computationally
expensive due to convolution integrals, while the local ones
are geometrically universal, computationally efficient, but

less accurate [1].
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In the case of a long-time analysis of large-scale
problems, the global ABCs are more impractical due to their
large demand on storage capacity and computational time.
This led to the search for high quality approximations that
are spatially and temporally local [2]. Hence, a large
number of local ABCs, for example the viscous boundary
condition [3], were developed. To improve the accuracy of
the boundary conditions, several high-order ABCs were
thereafter proposed such as the BGT boundary condition
[4], etc. Even though the high-order ABCs can increase the
accuracy by increasing the order, they encounter difficulties
in numerical implementation when the order is higher than
two. In recent years, local high-order ABCs which are
practically implementable for an arbitrary order, for
example the Hagstrom-Warbutron ABC [5], have been
proposed.

For vector wave propagation problems, most of existing
high-order ABCs are singly asymptotic at high-frequency
limit, specifically developed for circular and spherical
boundaries. In the case of semi-infinite layers, a few ABCs
are reported in literature, such as the high-order ABC
developed by Guddati and Tassoulas [6]. Therefore, the
open boundary condition developed herein is aimed at
specifically applying to semi-infinite layers in both high- and
low-frequency limits. The boundary condition is derived by
extending the scaled boundary finite element method
(SBFEM) [7] with use of the continued fraction technique.

2. Derivation of Doubly Asymptotic Open

Boundary Condition

2.1 SBFE Equations

A semi-infinite layer with the mass density (P), Young’s
modulus (E), Poisson’s ratio (V) and a constant depth (h) is
illustrated in Fig. 1. The layer is assumed to be isotropic,
homogeneous and elastic. The in-plane motion (u=u(x,y,t) in
the x-direction and v=v(xy,t) in the y-direction) and the

plane strain condition are considered.
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Fig. 1 Semi-Infinite Layer

For the boundary conditions, the vertical boundary I'y
(at x=xp) is subjected to time-dependent in-plane normal
and shear stresses. Free condition is imposed on the upper
boundary Iy and fixed condition on the lower boundary

I'.. The goveming equation of the layer in 2-D Cartesian

coordinate can be expressed as

(A+G)g,, +GV*u = pii (1)
(A+G)p,, +GV?v = pv P

where the Laplace operator sz potential (1) Lameé constant

A and shear modulus G are defined as the following

equations:
V=0’ +0 | oy (3)
p=¢ +e, @
A=Ev/[(1+v)(1-2v)] (5)
G=E/[2(0+V)] ©)

For the coordinate transformation, it is expressed as

X&) =x,+¢ ()
W& =[N, } (8)

where {yp} is the scaled boundary coordinate vector.

By transforming Egs. 1 and 2 to 3 and 4, using the

Galerkin’s weighted residual method on FV, the SBFE
equation in displacement in the frequency domain is

subsequently formulated as

[E° TV (D)} +(E'T ~[E'DWV ()}
—E W ()} + @' M 1 (£)} =0

where [EO], [El], [EZ] and [MO] are the coefficient matrices
obtained by assembling all element coefficient matrices
similar to those in the FEM, and {W(EJ)} is the nodal
displacement amplitude. The amplitude of the internal

forces is in the form
{0} =[E 1 (&)}, (10)

, which is related to the dynamic stiffness matrix [SDO((D)] as
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By eliminating {W(&)} terms in Eq. 9 using Egs. 10 and
11, the SBFE equation in dynamic stiffness is obtained as

([S™(@]+[E'DE T ([S" (@)]+[E'T)
—{E* 1+ @’ [M"]=0

2.2 Continued Fraction Solution

The solution in Eq. 12, [S™(®)] can be approximated as

a continued fraction solution at the high-frequency limit

(—>00) as expressed in the following equation:

[S™(@)]=[K, 1+ ()C, ]~y Y (@] Ty T
(13)

[V (@)] =" 1+ (@)X 1-[y" 1Y (@] '[y™)
(=1,2, ... M,)

(14)

where [Kyl, [Cool, [Yom] and [Yl(i)] are coefficient matrices to
be determined recursively in the solution procedure. The

) and [\V(M)] are introduced to improve
numerical stability of the solution. [Y(MHH)((O)] the residual

factor matrices [\

in Eq. 14 is rewritten as [Y (M)], which is solved at the low-
frequency limit ((0—>0),

[Y, ()] =[Y 1+ ()Y 1- (o) [w; 1Y, ()] Ty, T
(15)
[V ()] =Y 1+ (@)Y} ]
— (i) [y, 1 (@] 'y T (16)
(=12 ..., M,)

where [YLO(O)], [YU(O)], [YLO(D] and [YH(D] are coefficient matrices

to be determined recursively in the solution procedure. The

factor matrices [\VLm] and [WL(M)] are introduced to

improve numerical stability of the solution.

2.30pen Boundary Condition

By using the force {R} — displacement {W} relationship
in the frequency domain
R} = [S"(0){W} (an

on l“v with the introduction of auxiliary variables i.e. {Wm},

(2). ) )
{W2 }, etc. that are rewritten in terms of

T ) = Nty
(i=0,1, ..., M,)
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at the high-frequency limit where {W(O)}:{W}, and

(ia))[,/,L<f+1)]r {Wlm} _ [YL(””((())] {WL(M)}
i=0,1, ..., M)

at the low-frequency one where {WL(O)}={W(MH+1)], the open

boundary condition enforced on I'y, can be finally obtained

in the time domain as

[Ki 1z} +[C, D@0} = 1/ (0} (20)

, which can be solved by employing standard time-stepping

schemes e.g. Newmark’s method, where

{2} =[w}, 00, o, 0,
LR AT/ T N

{fOy=[{r}, 0, ..., 0,0,0, ..., 0]" (22)
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(24)

3. Numerical Examples
The semi-infinite layer in Fig. 1 with the ratio of G/P=1,

V=0.25 is tested in the following examples. The meshes of
SBFEM and FEM are generated in Figs. 2(a) and 2(b),

respectively.

8@ h/8

(a) (b) ] 50h

Fig. 2 Meshes: (a) SBFEM and (b) FEM
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In the frequency-domain analysis, the solutions
obtained from Eq. 13 (including Egs. 14 to 16) are compared
with the reference solutions obtained from Eg. 12. For
convenience, the solutions are all plotted in terms of

equivalent dynamic stiffness which is expressed as

S() = {p}'[ 5™ () ]{p} (25)

where {(} denotes the linear spatial motion pattern of the
nodes on Iy that does not vary with time [8] with respect
to the dimensionless frequency (ap=Mh/cy).

As plotted in Figs. 4 and 5, the accuracy of the solution
increases when the orders My and M, increase from 4 to 8

(see the red lines that almost fit the reference ones).
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Fig. 4 Imaginary Part of S(®)

In the time-domain analysis, the Newmark’s method
with Y=0.5 and B=O.25 is adopted. An extended mesh
analyzed by using ABAQUS is used as a reference solution
to verify the open boundary condition. The displacement

responses at Point A at the top of I'y are plotted with



respect to the dimensionless time (?:tcs/h) to evaluate

the accuracy of the open boundary condition.

3.1Example 1

The semi-infinite layer is subjected to a surface traction
p(t) in the x-direction (see Fig. 5) which is prescribed as a
triangular function in Fig. 6. The maximum surface traction is
denoted by Pr.

p(t) A

=

—_ 00

Fig. 5 Horizontal Surface Traction
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Fig. 6 Impulse
At the orders My=M =4, the horizontal and vertical
displacements correspond to those of the extended mesh
at only the early time as plotted in Figs. 7 and 8. As the

orders increase to 8, the accuracy of all displacements at

the late time is obviously improved (see the red lines).

Ty
e VY

0 10 20 30 40 50 60 70 80
DIMENSIONLESS TIME 7 = tcy/h

Fig. 7 Horizontal Displacement
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Fig. 8 Vertical Displacement
3.2Example 2

The same uniform surface traction p(t) as in the first
example is applied to this example but in the y-direction as
illustrated in Fig. 9.

A

Fig. 9 Vertical Surface Traction

Similarly, the open boundary condition with My=M, =4 is
still tested first. All the displacements still correspond to
those of the extended mesh at the early time as plotted in
Figs. 10 and 11. Similarly, when the orders increase to 8, the

accuracy of all displacements at the late time is improved.
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Fig. 10 Horizontal Displacement
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Fig. 11 Vertical Displacement
3.3Example 3
In the last example, an inclined surface traction is

applied to the semi-infinite layer as illustrated in Fig. 12. A
Ricker wavelet in Fig. 13 is chosen as such a surface traction.

A
)
— toc
(=]

Fig. 12 Inclined Surface Traction
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Fig. 13 Ricker Wavelet

The open boundary condition also yields the accurate
displacements at the early time when the orders are equal
to 4 for this type of surface traction. When the orders
increase to 8, all the displacements are also improved at
the late time as plotted in Figs. 14 and 15.
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4. Conclusion

In the frequency-domain analysis, the solution obtained
from the continued fractions converges the reference
solution rapidly as the continued-fraction orders increase.
No numerical stability problems are observed. In the time-
domain analysis, the doubly asymptotic open boundary
condition can yield the satisfied results. The displacement
responses in both x- and y-directions correspond to those
of the extended mesh method. No fictitious reflections are

observed either.
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