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Abstract

A high-frequency open boundary condition has been developed for
transient seepage analyses of an isotropically saturated soil layer with a
constant depth. The boundary condition of the open boundary is derived in
the frequency domain by adopting the continued fraction technique. The
coefficients of the continued fraction solution are determined recursively
at the high-frequency limit. By introducing auxiliary variables and the
high-frequency continued fraction solution to the prescribed seepage flow
of water-pore water pressure relationship in the frequency domain, the
open boundary condition is eventually in terms of a system of fractional
differential equations after transformed to the time domain. No
convolution integral is required. The accuracy of the analysis results

increases with the increasing order of the continued fraction.

Keywords: seepage, pore water pressure, open boundary condition,

continued fraction, dynamic stiffness

1. Introduction

In numerical modeling of unbounded domains, the domains are
usually truncated somewhere to specify their far field boundaries with
fixed or free boundary conditions due to their very large areas. Such
boundary conditions imposed in the modeling often lead to spurious
reflections at the truncated boundaries when transient analyses of the
domains are carried out. As a result, the solutions obtained from the
analyses are numerically polluted. Several approaches were hence
proposed and have been continuously developed to cope with such a
problem, such as the boundary element method (BEM) [1-3], the infinite
elements [4-6], the scaled boundary finite element method (SBFEM) [7-

8], absorbing boundary conditions (ABCs) implemented in the finite

* Corresponding author

E-mail address: fengsype@ku.ac.th

element method (FEM) [9-12], and the perfectly matched layer (PML) that
is able to attenuate propagating waves [13-14], etc. These approaches are
able to satisfy the boundary condition at infinity, in other words, the
radiation condition.

Apart from such approaches, there is another interesting one, the high-
order transmitting boundary, which is based on use of the continued
fraction technique [15]. The transmitting boundary was introduced to study
the displacement responses of semi-half spaces under dynamic loads at
high frequencies. Its boundary condition is expressed as a system of first-
order differential equations in the time domain. The distinct advantage of
the boundary is that it can be implemented with FEM. Therefore time-step
schemes are applicable to the time-domain analysis, and the convolution
integral, which is a computationally expensive task, is no longer required.
Soon after, the doubly asymptotic open boundaries were developed from
such a transmitting boundary using the same continued fraction technique,
but extending to the low-frequency expansion [16-17]. The boundaries are
specifically applicable to full-planes with a circular cavity and semi-
infinite layers with a constant depth [18].

One of the important problems in the modeling of unbounded domains
is seepage flow of groundwater since the pore water pressure generated in
soil mass may significantly affect existing structures such as tunnels, dams,
etc. Some of the mentioned approaches were also developed for transient
seepage analyses in infinite media, for example, the finite element method
with cloning cell technique [19], the infinite element using the hydraulic
head distribution function [20], and the infinite element using the
analytical solution of a one-dimensional axially symmetric configuration
[21].

The objective of the paper is thus aimed at developing a high-order
open boundary condition used for transient seepage analyses of a semi-

infinite layer with a constant depth under short-time and long-time seepage
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flow of water to study the responses of pore water pressure. The
unbounded domain used in the analyses is herein assumed to be an

isotropically saturated soil with a constant depth.
2. Dynamic Stiffness of Unbounded Domain

For an isotropically saturated soil, the governing equation of two-
dimensional transient seepage is expressed as a second-order differential

equation,
Viu=—i 1)

where the pore water pressure # = U(X,z,f), the Laplace operator V=
0%/0x* + 0%/0z% and ¢ denotes the coefficient of consolidation. The
arguments of functions are omitted herein for simplicity in the
nomenclature. The initial condition of the unbounded domain initially at

rest is given as

u=y,z (0<z<d, t=0) )

where %, is the unit weight of water and d is the depth of the soil layer.
The geometry and boundary conditions of the soil layer are given in
subsection 2.1. By employing the method of separation of variables, Eq.(1)
can be transformed to a series of one-dimensional transient seepage
equations. From a two-dimensional transient seepage equation and the
definition of a dynamic stiffness coefficient, an equation of the dynamic

stiffness coefficient can be derived.
2.1 Saturated soil layer with constant depth

An isotropically saturated soil layer with a constant depth d as shown
in Fig. 1 represents an unbounded domain of which the right-hand
boundary extends to infinity. For convenience, the X-axis of the coordinate
system is chosen at the upper boundary I"¢ of the layer. The formulation
ofthe proposed open boundary condition is based on the dynamic stiffness
representing the property of the soil layer. It is dependent of the coordinate
system. The boundary conditions of the soil layer are as follows: at the
upper boundary ['y (z = 0), u = 0 for 0 < f < 00, while at the lower
boundary ', (z = d,u= U, for t = 0, and the vertical boundary 'y
<z<d,u=0fort=0.

Tmpervious layer

Fig. 1. Saturated soil layer with constant depth

Equation(1) is also expressed in the frequency domain as

U, +U,. ~Liwu =0 ®)
C

IXX 5zz

where the amplitude of pore water pressure U = U(X,z,®), the unit
imaginary number i =+/—1, and @ denotes the excitation frequency.
The solutions of Eq.(3) can be determined using the method of separation

of variables as expressed in the following equation:

U=XZ (€]
where X = X(x,) and Z = Z(z). Substituting Eq.(4) into Eq.(3) and
multiplying the equation by d* yield

X VA
d* o (g))=—d* 2= )
% (iay) ~

where the dimensionless frequency is defined as

_ wd?
ay =

(6)
c

It is necessary that both sides of Eq.(5) must be equal to the same constant,
which is denoted as A2. Hence, Eq.(5) can be separated into the following

two equations:

2
Z,. +(ij Z=0 )
d
X, . —dl—z((iao) +AH)X =0 ®)

The solutions of Eq.(7) are in the form of

Z =C, cos iz +C, sin iz ©)
d d

where C1 and C; are constants. AtZ = 0, the boundary condition is # =
0. This implies that Zin Eq.(4) must be equal to zero. As a result, Ciin
Eq.(9) is zero while Cyis arbitrary. C,, however, never be calculated and

is negligible. Therefore, Eq.(9) can be reduced to the eigenfunction,

e .
Z; =sin 7 (j=0,1, 2, .. (10)
which are the nontrivial solutions of Eq.(7), where
lj = M (11)
2

The index ] denotes a mode number. This implies that Ain Eq.(8) varies
with each mode. For the one-dimensional seepage equation (Eq.(8)), its
solution that satisfies the boundary condition at infinity is given in the form

of modal pore water pressure amplitude,
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Y. =C e—ﬂl(ia0)+llzx/d

J J (12)

where Cj is a constant. The prescribed seepage flow amplitude of each
mode Qj = Qj(x,a)) on the vertical boundary at arbitrary X is expressed

as
Q) =-dX;., (13)

Substituting Eq.(12) into Eq.(13) in turn yields

-1
3 —J(ag)+A?x/d
CJ.:[/(mO)mje Rch j 0,

By substituting Eqs.(10) and (12) back into Eq.(4), and using Eqs.(11) and

(14)

(14), the solution of each mode is expressed as

U, = (.I(ia0)+l§ )_] O, sin );—J

An alternative way to determine X; can be done by introducing the

(15)

dynamic stiffness coefficient S°°j = S°°j (ao) to the prescribed seepage flow

of water-pore water pressure relationship,

X; =(S;° )_] 0; (16)

, which is equivalent to the force-displacement relationship as derived in

[16]. Substituting Eq.(13) into Eq.(16) yield

1

X, = —;S;OX]. an

J2x

Differentiating Eq.(17) with respect to X and substituting Eq.(17) to the
differentiated equation lead to

X,

1
]’xx_d_z( J (18)

Substituting Eq.(18) into Eq.(8) and eliminating X; in the equation the

dynamic stiffness equation of each mode j yield

2
0 : 2
(sj) ~(iag)~ 22 =0 (19)
The solution of Eq. (19) can be determined as
: 2
ST =J(ag)+4; (20)

Only the positive root is chosen to satisfy the boundary condition at
infinity. By substituting Eqs.(10) and (16) back into Eq.(4), and using
Eq.(20), the solution of each mode is expressed as similar as Eq.(15),

- 2.
U; =( l(ia0)+l;) Q;sin 7]2

@D

The solution in the time domain of either Eq.(15) or Eq.(21) after
expressed in the frequency domain can be determined using the

convolution integral,

t
N
u; _Io s; qjd‘r (22)

where the pore water pressure U; = U;(f), the flexibility coefficient sfl =

(st - 7.'))71 and the prescribed seepage flow of water ¢; = ¢;(7).
2.2 High-frequency continued fraction solution

This section describes the solution of the dynamic stiffness equation
for modal dynamic stiffness coefficient (Eq.(20)). The solution is sought
as a high-frequency continued fraction solution. Only one step is involved
in the solution procedure i.e. a continued fraction solution is determined at
the high-frequency limit recursively. In each recursion, the coefficients of
one term of the continued fractions is obtained, and an equation is
established for the residual. For simplicity in the derivation, the modal
index subscriptj is omitted in this section. The continued fraction solution

at the high-frequency limit is written as

5% =K, —(ia)y")™!
y(i) _ Yo(i) —@ ao)(Y(”l))*l

(23a)
i=12,3, .., M;) (23b)

where Ko and Yo(i) are coefficients to be determined recursively in the
solution procedure. (iao)(Y(l)Y1 and (iao)(Y(iH))f1 are the residual terms
where Y = Y(i)(ao) and YD = Y(Hl)(ao). My is the order of the
continued fraction solution at a high frequency. The coefficient Ko is
determined by substituting Eq.(23a) into Eq.(20). This leads to an equation

of a power series of (1ao), including the following two terms:
(K2 =27)=(ag) (142K, (YD) = (a)¥P) ) =0 @9

This equation is satisfied by setting all the terms equal to zero. Thus the
solution for Ko that satisfies the boundary condition at infinity is obtained

from the first term (constant term) by selecting the positive root. Thus,
K,=21 (25)

The last term of Eq.(24) is an equation of Y. After being multiplied by

(Y(l))2 and substituted with Eq.(25), the last term becomes

¥ 457D —(igy)c” =0 26)

with the introduced constants
B =22 @7
M =1 ©8)
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for the case of I = 1. To begin the recursive procedure, Eq.(23b) with i =
1 must be substituted into Eq.(26). This also results in an equation of a

power series of (ao) grouped into the following two terms:

25D (YT (g (¥ ) 2) =0 29)

Equation(29) is also satisfied by setting all the two terms equal to zero.

The non-zero solution of the first term (constant term) is

7D = -b) (30)

The last term of Eq.(29) is an equation of YU, After being multiplied by
(Y(Hl))2 and substituted with Eq.(30), the last term becomes the recursive

equation used in the high-frequency limit,

with the introduced constants
) b
@i+ _ _“0
by = po) (32)
) 1
@+1) _
c _c 6 (33)

The high-frequency continued fraction solution in Eq.(23a) is constructed
from the solutions of the constants Ko in Eq.(25) and Yo(i) in Eq.(30). For
example, the high-frequency continued fraction solution with the order
My =3 can be written as
_ (iag)
Toym ()
(2)
Yo _\%0/

S* =K (34)

2.3 High-frequency open boundary condition

The high-frequency open boundary condition in the frequency domain
is constructed using the relationship between the prescribed seepage flow
amplitude O and modal pore water pressure amplitude X as expressed

below

0=5"X (35)

where S denotes a continued fraction solution using Eqs.(23a) and (23b)
in the previous subsection. Afterwards, substituting Eq.(23a) into Eq.(35)

leads to

0=K, X —(iay)"* xV (36)
where the introduced auxiliary variable X is defined as
XU =(g)? @My ' x G7)

Rearrange Eq. (37) as

(1 a0)1/2 X = Y(I)X(l) (38)

which is as similar as the form in Eq.(35). Similarly, an auxiliary variable
is introduced for each term of the continued fraction in Eq.(23b). This

results in

(igg) 2 XD =y x D G=0,1, 2, ..., My) (9)

where Eq.(38) is included as the case of i = 0 with X = X. Multiplying
Eq.(23b) by X® and using the definition of auxiliary variables in Eq.(39)

formulated with 7 and i — 1 result in

(1 a0)1/2 X(i*l) — Yo(i)X(i) _(1 aO)l/Z X(i+1)
(=123 .. M) 40)

The residual X 1

of an order M high-frequency continued fraction
solution is approximated as zero. Equations(36) and (40) are all combined

to form a matrix equation,

(K, ]+ (@) [C,iX} = {0} @1)

where {X}=[X, X©, ., X“T and {0} =[0Q, O, .., O
while the time-independent matrices

K,
7
[K)]= ¥g? “2)
YO(MH)
-1
J -1 -1
[Cl=—F4| -1 43)
h \/E ' y
-1

The function {)?} includes the modal pore water pressure amplitude X on
I"yand all the auxiliary variables (X(]) 5y eeny X(MH H)) and the only non-
zero entry at the right-hand side {Q} includes the prescribed seepage flow
amplitude of water Q Note that Eq.(6) is substituted into the equation to
replace (iao) with (1@). The matrix [K}] is diagonal while the matrix [Cp]
is banded and symmetric. Equation(41) can be transformed into the open

boundary condition in the time domain as the following equation:
[K; 1{x} +[C, 1D {3} = {q}

x0T 4G =1, 0,

dPlde’ is the fractional derivative operator of order p which is equal to

(44)

where {X} =[x, x(l), , O]T and DP =

1/2. The vector {)~C} can be solved by employing the improved numerical

method of Riemann-Liouville fractional derivative [22] in association with
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the Newmark's method using the average acceleration scheme as expressed
in the following steps:

step 1: solve for {X}, , in the following equation:

N yAt™P
BU-p)2-pId-p)

At
I'(1-p)

X0 = K] [C]

B 1 _, - 1 _ X
x| 4G} et — [CG 1" 5+ A V2R,

T

[C,
(1-p2-pd-p)

n—2
(g — kA 0) +

k=1

]

><(7/

o (%, +(p—2+%){fc}n +<%—1>Ar{fé}n>j 45)

step 2: solve for {i} | in the following equation:

n+

~ 1 ~ ~ ~ 1 ~
X = W({x}nn — X5, — AL, - (ﬁ_ Dix},

(46)
using {)?}”+1 from Eq.(45);
step 3: solve for {)C;‘}”+1 in the following equation:
By =, + A=A, el @

using {;}”+1 from Eq. (46). Note: 7 is the time station and the gamma
function ['(1 - p) = \/; , and the constants ¥ and [3 are 0.5 and 0.25,

respectively.
3. Numerical Examples

For simplicity in the analyses, the ratios of d?/c is assumed to be equal

to 1 through all the examples.
3.1 Example 1

In the first example, the testing of the open boundary condition at a
high-frequency mode is carried out. The mode j = 1000 with A =
2001(77/2) is selected as such a high-frequency mode. The prescribed
seepage flow of water is chosen as an impulse function as shown in Fig.
2(a) of which the Fourier transform is displayed in Fig. 2(b). The highest

dimensionless frequency of interest is observed as 150.

0.12

0.09 4

. <
< =
2 006 4
506 I
4 | 2 003
E o4 q] =2
% / T000 {
| \ z
[ | \ H
024 \ <003 \//
\
00 | 006
00 0.2 04 0.6 08 10 SIS0 100 <50 050 100 150
DIMENSIONLESS TIME 7 = rc/d” DIMENSIONLESS FREQUENCY dg = wdl*ic
(a) (b)

Fig. 2. Prescribed seepage flow of water as impulse function:

(a) time history and (b) Fourier transform

In the frequency-domain analysis, the analysis result obtained from
the continued fraction solution of dynamic stiffness (Eq.(23a)) using My
= l is plotted as real and imaginary parts with respect to the dimensionless
frequency @ as shown in Figs. 3(a) and 3(b), respectively. For the real
part, the obtained result becomes a straight line, intersecting the }-axis at
1, whereas that of the imaginary part is an inclined line with a very low
gradient, intersecting the origin. In comparison with the exact solution of
dynamic stiffness (Eq.(20)), the continued fraction solution performs well
since the curves of the real and imaginary parts of the solution fit those of

the exact solution.

5 1x10
_— MH =1

44 Lxact 10 0
z ~ P
23 T exio //
£ 2 -
4 2 2 ax100 e
g 2 e

l 210 ¢ - My 1

R — EXACT
0 0x10¢ == T T T T
0 30 60 9% 120 150 0 30 60 90 120 150
DIMENSTONIESS FREQUENCY dq = (wd’/c) DIMENSIONLESS FREQUENCY ay = wd’ /e
(a) (b)

Fig. 3. High-frequency continued fraction solution with M = 1 for

modal dynamic stiffness (A =2001(77/ 2) : (a) real part and (b) imaginary part

In the time-domain analysis, the time step Af used for the convolution
integral (Eq.(22)) and the open boundary condition (Eq.(44)) with My =
1 is selected as 0.02 to gain the accurate responses of pore water pressure.
The responses obtained from the convolution integral and the open
boundary condition are plotted in Fig. 4. The responses are normalized by
the seepage flow amplitude A7 with respect to the dimensionless time 7
, which is equal to tc/dP. 1t can be seen that the response curve obtained
from the open boundary condition with merely My = 1 fits the response

curve obtained from the convolution integral throughout the entire range.

o 4x107
% — My=1
S a0t o4 EXACT
é 2x1074 / \
& Y
o Ix107 / \
=
<
B oox10? \
=
[
S
& ax10 . . . .
0.0 0.2 0.4 0.6 0.8 1.0

DIMENSIONLESS TIME 7 = r¢/d*

Fig. 4. Modal response of pore water pressure (A =2001(77/ 2)) by

high-frequency open boundary condition with My = 1

3.2 Example 2

The mode j = 1000 of the first example is still tested in the second

example, but the prescribed seepage flow function is changed to be a
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harmonic function, ¢ (t_) = Arsin( 27Tft_ ), where the amplitude A7 =
1 and the frequency f= 2.5 as shown in Fig. 5(a) for the time history and
Fig. 5(b) for its Fourier transform. The time step Af used for the
convolution integral and the open boundary condition is reduced to be 0.01

so as to gain the accuracy of the results.

i

H ; 25 4 |
0.4 ‘ ‘ ‘ ‘ H 3
A
04 H ‘ ‘ H ‘ 5
‘ 2 a5
0.8 <
12 50 :
0 2 4 6 8 10 12 -45 =30 -15 0 15 30 45
DIMENSIONLESS TIME 7 = tc/d” DIMENSIONLESS FREQUENCY ay = e i¢
(a) (b)

Fig. 5. Prescribed seepage flow of water as harmonic function:

(a) time history and (b) Fourier transform

The response curve of pore water pressure obtained from the open
boundary condition with My = 1 corresponds to that of the exact
responses as plotted in Fig. 6(a). When the curve obtained from the open
boundary condition is considered closely as zoomed in Fig. 6(b) to 6(d) for
three ranges, the curve fits that of the exact response throughout the entire
range. Being similar to the first example, the open boundary condition with
merely M= 1 still performs well at the high-frequency mode for the case

of harmonic seepage flow of water.
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Fig. 6. Modal response of pore water pressure (A =2001(77/ 2)) by
high-frequency open boundary condition with My = 1:
(a) for 0<7 < 12, (b) for 07 <4, (c) for4< 7 <38,

and (d) for 8 <7 < 12

3.3 Example 3

In the third example, the mode j = 0 with A = 77/2, which is a low-

frequency mode, is selected for the test. The prescribed seepage flow of

water represented by the impulse function used in the first example (see
Fig. 2(a)) is re-applied in this example.

In the frequency-domain analysis, the analysis results of the continued
fraction solution of dynamic stiffness using My = 1, 4 and 8 are plotted
in Figs. 7(a) and 7(b) for the real and imaginary parts, respectively. For the
real part, the result obtained from My = 1 becomes a straight line,
intersecting the y-axis at 1, whereas that of the imaginary part is an
inclined line, intersecting the origin. It is perceived that the curve of the
continued fraction solution is obviously different from that of the exact
solution. However, when the order of continued fraction My increases to
4, the accuracy of the continued fraction solution increases as well. Until
the order My increases up to 8, the continued fraction solution approaches
the exact one. In other words, the accuracy of the continued fraction
solution increases with the increasing order. Compared to the first two
examples at the high-frequency mode, in this example at the low-frequency
one, the order of continued fraction used is higher in order to gain more

the accurate result.

IMAG (S (@)1

REAL (8 (a))/A

0 0
0 8 16 24 32 40 0 8 16 24 32 40
DIVIENSIONIRSS FREQUENCY a = wd®/c DIMENSIONIFSS FREQUENCY a1y = wdl? ¢
(a) (®)

Fig. 7. High-frequency continued fraction solution with M# = 1, 4 and 8 for

modal dynamic stiffness A= 2): (a) real part and (b) imaginary part

In the time-domain analysis, the time step Af used for the convolution
integral and the open boundary condition with Mz = 1 is selected as 0.005
to gain the accurate responses of pore water pressure. The analysis results
are plotted in Fig. 8. From the obtained results, it is noticed that as the order
of continued fraction increases from 1 to 4, the accuracy of the responses
also increases. As soon as the order increases up to 8, the response curve
almost fits that of the exact response under the impulse seepage flow of
water. This shows that a higher order is required for an accurate result in

the time-domain analysis at a low-frequency mode.

= A My =1
S
T 21 My =4
g — Mp=8
2 ow |\ EXACT
E 0.07 \
gy
<
E 0.00
o
& 007 . ; : !

0.0 04 038 12 1.6 20

DIMENSIONLESS TIME 7 = tc/d®

Fig. 8. Modal response of pore water pressure (l = 71/2) by
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high-frequency open boundary condition with My =1, 4 and 8

3.4 Example 4

In the last example, the low-frequency mode A = 1 is selected for the
test. The prescribed seepage flow of water under an earthquake (long-time
seepage flow) as assumed in Fig. 9(a) with its Fourier transform in Fig.

9(b) is used in this analysis.

1.2 0.4
£ oos 039
) < 02
é 04 ‘\ :3‘ 0.1 4 | L ‘
lalii W‘ Paftassiny] 5 oo Lassfil Ml
é 04 ( E oot | “ ‘
S T 02
E 08 2 0 ]
a <12 04 T T T T T T T
0 2 4 6 8 10 12 14 Q00 75 500 25 00 25 500 75 100
DIMENSIONLESS TIVE 7 = rc/d” DIMENSIONLESS FREQUENCY aiy = ex e
(a) (b)

Fig. 9. Prescribed seepage flow of water under earthquake excitation:

(a) time history and (b) Fourier transform

In the frequency-domain analysis, the analysis results obtained from
the continued fraction solution of dynamic stiffness using My = 1, 5 and
10 are plotted in Figs. 10(a) and 10(b) for the real and imaginary parts,
respectively. Being similar to the third example, the continued fraction
solution approaches the exact one with the increasing order. As the order
increases up to 10, the curves of the real and imaginary parts of the

continued fraction solution nearly fits those of the exact one.

5 5
My =1
4 My =5 4
< — Mg=1o
3 ,] — FXACT P =
= e B =
s e -
3 = My =1
x 7 My =5
1 — My=10
LXACT
0 T T T T 0 T
0 4 8 B 16 20 0 4 8 B 16 20
DIMENSIONLESS FREQUENCY a1y = wel? ¢ DIMENSIONLESS FREQUENCY a1y = wel? ¢
(a) (b)

Fig. 10. High-frequency continued fraction solution with My = 1, 5 and 10 for

modal dynamic stiffness A= 1): (a) real part and (b) imaginary part

In the time-domain analysis, the time step Af of 0.005 is also used for
both the convolution integral and the open boundary condition to gain the
accurate responses of pore water pressure. Similarly, the accuracy of the
open boundary condition increases with the increasing order of continued
fraction as plotted in Fig. 11. It is noted that when the order of continued
fraction increases to 5, the response curve is almost the same as that of the
convolution integral, except at the turning points (where the slopes are
equal to zero); for example as zoomed in Fig. 11(b) for the range of 0 < 1
<'5. However, to obtain the more accurate results for the entire range at
the turning points, the order of continued fraction has to increase up to 10

as zoomed in Figs. 11(c) to 11(d). This reveals that the open boundary

condition also performs well under earthquake excitation even at a low-

frequency mode with use of a higher order.
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Fig. 11. Modal response of pore water pressure A= 1) by
high-frequency open boundary condition with My =1, 5 and 10:
(a) for 0 <t < 15, (b) for 0 <t < 5, (c) for 5 <t <

and (d) for 107 < 1

4. Conclusion

The high-order high-frequency open boundary condition introduced
herein is specifically applicable to modal transient seepage equations of
isotropically saturated soil layers with a constant depth. The open
boundary condition is expressed as a system of fractional differential
equations in the time domain.

The two time-independent coefficient matrices, the static stiffness and
damping matrices, are diagonal and symmetrically banded, respectively.
Therefore, well-established time-stepping schemes in structural dynamics
are directly applicable, and convolution integral is no longer required.

As demonstrated in the numerical examples using the impulse,
harmonic seepage flow of water and also the seepage flow of water under
earthquake excitation, the accuracy of the analysis results in both
frequency and time domains increases with the increasing order of
continued fraction. The open boundary condition performs well at the
high-frequency modes with a low order of continued fraction. Only at the
low-frequency modes, a higher order of continued fraction is required to

gain an accurate result.
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